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ier Transform /

Aperiodic Signal Representation by Fourier Integral

If welet T, — oo, the pulses in the periodic signal repeat after an infinite
interval, and therefore

lim g7, (t) = g(r)

To—

Thus, the Fourier series representing g7, (r) will also represent g(¢) in the limit 7, — oo. The
exponential Fourier series for g7, (¢) is given by

o0
250) — Pl 3.1)
n=—oC
in which
To/2 |
D, = = gr,(t)e "™ dt (3.2a)
SO =T
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(b)
'? |-
-
of o
Figure 3.1 Comtruction o 3 perisdc sinal by periodic estensnn of 2421}
and
g (2.2%)
7o

Observe ths integrazing gr {¢) over (=752, T5/2) is the same as incegrating g(r) over
(==, o). Therefoce, Eq. (3.2a) can be expressed as

o= L [ s 02
To Jose

[t is interesting o see bow the sanare of the spectnam chasges as To increases. To
understand this fascinating behavior, Je us define G(w), & coarinuous function of o, 8%

Glory = f " gl gy .- 33
-~

L S
)
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or

To recapitulate,

and

in which |G (w)| is the amplitude and 6, () is the angle (or phase) of G(w). From Eq. (3.8a)

G(w) = Fig®)] and g() = F '[G(w)]

g(t) +— G(w)

G(w) = f g(t)e 7" dt

o0

m .
[ G(w)e’* dw

1
g(t) = ooy

G(w) = |G(w)|e/%®

G(-w) = [ g(t)e!™ dt

(5.9
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symmetry Property

From this squation ané Eq. {3.8a). it follows that if (73 1s a real funciion 0 . then Glw) and

G {—w) are complex conjugaies, that is,

Gl—w) = G (w)
Therefore,
|G(—w)]| = |Glaw)

Bo(—@) = =8, (w)

Example 3.1: Find the Fourier transform of e u(t).
g(n)

l/a
1

e ur)

{3.9)

{3.10:z)

(3 10b)

1G(o) |

(a) (b)

Figure 3.4 e~ %'u(¢) and its Fourier spectra.
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~ By definition [Eq. (3.8a)],

ax —l o0

w 3 = -
G(CO) =[ e“"u_(t)e""‘"' dt =j e"'(‘"*'l“’" A = ——p (a=jw)n

But |e—/¥| = 1. Therefore, as 1 = oo, e~ @*/®) = ¢~ ¢=/% = (if a > 0. Therefore,

G(w) = — a>0 (3.11a)
a-+ Jw
Expressing a + j in.the polar form as va* + w? ¢/ an” () we obtain
l iean™l (@
G(w) = e/ 20 (a) (3.11b)
(w) g
Therefore,
G (w)| l and () = —tan™ (=)
w)l = | e S
JaZ + o’ $ a
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Existence of the Fourier Transform
In Example 3.1 we observed that when ¢ < 0. the Fourier integral for ¢ “u(r) does not
converge. Hence, the Fourier transform for e~ ity does not exist if @ < 0 (growing
exponential). Clearly. not all signals are Fourier transformable. The existence of the Fourier
transform is assured for any e(z) satisfying the Dirichlet conditions mentioned in Sec. 2.8. The
first of these conditions is”

-~
f le(r)ldr = 2 (3.12)
To show this, recail that e[ = 1. Hence. from Eq. (3.8a) we obtain
s
IGlw)| = j lz(r)| dt
-0
Linearity of the Fourier Transform
The Fourier transform is linear; that is, if
21(t) &= G(w) and 2(1) = Ga(w)
then
apgist) + arg(t) a\G(w) + a>Gr(w) (3.13)

The proof is trivial and follows directly from Eq. (3.8a). This result can be extended to any
finite number of terms.
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Transforms of S Functions

> Unit Gate
Function
1 rece (x) 1| rect (‘%)
X it
';zl_ 0 ._;._ —% 0 ,} SL=es
(a) (b)
Figure 3.7 Gate pulse.
0 x| > %
rect (x) = (3.14)
1 x| < -;-

The gate pulse in Fig. 3.7b is the unit gate pulse rect (x) expanded by a factor r and
therefore can be expressed as rect (x/t) (see Sec. 2.3.2). Observe that r. the denominator of
the argument of rect (x/r), indicates the width of the pulse.
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/\/

=~ Unit Triangle Function
We define a unit triangle function A(x) as a tnanoular pulse of unit height and unit width,

centered at the origin, as shown in Fig. 3.8a:

0 x| >

1 —2|x| x| < (5-15)

(TR N -

Alx) = {

The pulse in Fig. 3.8b is A(x/7). Observe that here, as for the gate pulse, the denominator r
of the argument of A(x /) indicates the pulse width.

Alx) A(%)
-1 X - ‘-5. 0 52- X iin
(a) (b)

Figure 3.8  Triangle pulse.
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Filtering or

Inspection of Eq. (3.16) shows that

1.

sinc (x) is an even function of x.

sinc (x) = O when sin x = O except at x = 0, where it is indeterminate. This means
sinc (x) = Oforx = =4+m, +27w, +37m, - - -.
Using L’Hoépital’s rule, we find sinc (0) = 1.

sinc (x) is the product of an oscillating signal sin x (of period 277) and a monotonica
decreasing function 1/x . Therefore, sinc (x) exhibits sinusoidal oscillations of period 2z
with amplitude decreasing continuously as 1/x.

@)

—ldan~_ “Z 7 ,0 T ~__— 14 @®>
3 3 3 3 @ ——

Figure 3.9 Sinc pulse.
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ExamW /

We have
—
2 oc 7 5 25
G(w) =/ rect (—)e SOt At
Lo T
Since rect (z/7) = 1 for |7] < t/2. and since it is zero for lt] > T/2,
Tf2 ;
Glw) = / e 'dt
—Tf2
— —;(e"j“’"'z B 2sin (wt/2)
Jw w
8 z_sin (wT/2) s 45 =3 (wr)
e oz /2 0 = 2
Therefore,
; z - wT
rec = <—> tsinc (?) (3.17)
|
8(7) Glw) é
-t 0 X t— = T = N e O e s
2 2 T T T T © —=
(a) (b)

Figure 3.10  Cate pulse and its Fourier spectrum.
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P
Bandwidth of rect (t/T)

What is the bandwidth of rect (t/T)?7??

l o -
2(1) Glw) \
L s N TN A

(a) (b)

Figure 3.10  Gate pulse and its Fourier spectrum.

Rough estimate of the bandwidth of rectangular pulse
of width T seconds is 2pi/T rad/sec or 1/T Hz.
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Using the sampling property of the impulse [Eq. (2.19a)], we obtain

nsform of the unit impulse 6 (t

o0
Fl(r)) =/ 5(t)e ' dr = 1 (3.18a)
-0
or
() =1 (3.18b)
Figure 3.11 shows 8(¢) and its spectrum.
A e 27 Glw) =1
1
0 G 0 W—
(a) (b)

Figure 3.11  Unit impulse and its Fourier spectrum.
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From Eq. (3.8b) and the sampling property of the impulse function,

F'@] = — / " Syl d ‘
= — W= —
AR T [ T
Therefore,
1
— & j(w) (3.19a)
27
or
| & 27é(w) (3.19b)
g(r)=1 G(®) = 2ndl(w)
; iy A
0 { - 0 e

Figure 3.12  Constant (dc) signal and its Fourier spectrum.
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/X/

ExamPLE 3.5  Find the inverse Fourier transform of (@ — ).

Using the sampling property of the impulse function, we obtain

- [ e ] TN
o=l = 5= [ - do = o
-0
Therefore,
ome
2—;81(“0‘ > §(w — wp)
or
e/ — 2mé(w — wp) (3.20a)

From Eq. (3.20a) it follows that
eI N = 27 8(w + wy) (3.20b)
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/X/

ExamPLE 3.5  Find the inverse Fourier transform of (@ — ).

Using the sampling property of the impulse function, we obtain

- [ e ] TN
o=l = 5= [ - do = o
-0
Therefore,
ome
2—;81(“0‘ > §(w — wp)
or
e/ — 2mé(w — wp) (3.20a)

From Eq. (3.20a) it follows that
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Exam

~ Find the Fourier transforms of the everlasting sinusoid cos wyt.

CoS @ 0[

g(1) G(w)

AAAAAL - | |
16 A i

Figure 3.13  Cosine signal and its Fourier spectrum.

>

Recall the Euler formula

:
cos wyt = z(ef“"" + o7/

Adding Egs. (3.20a) and (3.20b). and using the above formula, we obtain

cos wyt < m[6(w + wy) + d(w — wp)] (3.21)
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w PV PR
AN

/ Find the Fourier transform of the sign function sgn 7 (pronounced signum 7). shown in Fig.
3.14. Its value is +1 or — 1, depending on whether r is positive or negative:

1 r > 0

S gl —1 =0

3.22)

Figure 3.14 Sign function.
The transform of sgn r can be obtained by considering sgn ¢ as a sum of two exponentials,
as shown in Fig. 3.14, in the limitas a — O:

~sgnt = lim [e-‘"u(t) - ef"u(—t)] ‘ -

a—0

Therefore,

F [sgn £] = lim { Fle™*u(n)] - Fle“u(—n)1}

= iim l — - : - ) (see pairs | and 2 in Table 3.1)
a—0 \a + jw ai— 4 '
—27 2
=lim( 22 ) = — (3.23)
a—0 \ a“ + w~ Jw
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/ Table 3.1

Some Properties of Fourier Transform

3.3 Some Rroperties of the Fourier Transform

Short Table of Fourier Transforms
&) G (w)
—at 1
1 e w(r) a >0
a+ jw
1
2 e u(—r) - a >0
a— jw
3 emalzl - 2a = a=>0
a® + w
1
4 te " u(r o
e w(zr) ) a >
n_—at n!
S t"e u(z) RS a >0
6 3(z) 1
7 1 277 S8 (w)
8 e/ @0t 278 (w — wo)
9 cOs wot T [S(ew — wp) + S(w + wo)]
10 sin wgp? J[8(w + wo) — S(w — wop)]
11 u(e) 78 (@) + ——
Jw
12 sgn z i
Jew
13 cOSs wo? ulr) -y-t-[s(a)—wo)q_s(w_{_wo)].;_ "lj—wz'
2 wh — w
14 S 2= [8(w — wo) — 8w + wo)] + —5 20
2 w§ — w?
15 ezt rou(r G o
in wor u(r) (a+jw)2+a)§ a >
=i a—+ jw
16 e % cos wor L(z _ o
COS wor u(r) (a+ja))2+a)§ a >
z : wT
17 rect (_—;) T sinc (7)
W @
18 = sinc (W) rect (W) :
z T e OT
19 A(?) Esxnc (T)
w Wt w
20 -— sinc? ([ — —
S5z Siac ( > ) A (2W)
oo o 2
25 E S(t — nT) wo E S (ew — nwg) wo = —
n=—oo n=—oo
22 e—2/202 o Dwe—T2w /2
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